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Abstract

We presenta formal notion of diagramthat captures
standard rewriting propertiessuch ascon�uence, commut-
ing relations,semi-standardisation, the triangle property,
etc.Weprovea numberof resultsthat implydiagramequiv-
alencebetweenabstractlyrelatedrewrite relations,i.e., that
showthat oneenjoysa diagram-expressedpropertyiff the
other onedoes. In particular, we focuson the casewhere
onerewrite systemis over structurally collapsedtermsof
theother. We applytheresultsto variousconcretesystems,
including the ¸ -calculus,with its notion of ®-equivalence,
andcut-elimination,with its notionof permutativeconver-
sions. The core theory and substantialapplicationshave
beenformallyveri�ed in theHOL4proofassistant.

1 Intr oduction

Thiswork makesfour importantcontributions

² Foundationally, we want to answer the question:
“how do differentformalisationsof thesamesubject-
domain(e.g., the ¸ -calculus)inter-relate,and in par-
ticular do they entail the same behavioural theo-
rems?” This questionis highly pertinent to recent
interestin languageswith binders(see,for example,
the POPLMARK Challenge[2]) becausetheproposed
techniquesfor modelling binders (de Bruijn terms,
quotients,higher order syntax, nominal approaches,
and others)are ratherdifferently construedand exe-
cuted.

² Our resultshave practical relevancebecausethey al-
low for a broadfamily of propertiesprovedof oneap-
proachto beshown trueof anotherin “onefell swoop”.

² Our resultsalsohave technical relevancebecause,as
we show in Section6.2, our resultsallow us to prove
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propertiesthaton thesurfacemight look intractable.

² Finally, we contribute by formalising diagramsas a
simplelanguagefor capturingthebehavioural proper-
ties desiredof a type. Our diagramsaregiven a for-
mal semanticsand allow us to focus on extensional
behaviour without becomingentangledin intensional
structureor composition.Moreover, we shall seethat
the derived notion of diagramequivalenceis not so
constrainedasto forcetypesto beisomorphic.

Choiceof Language Ourresultsareobtainedthroughthe
study of epimorphismsbetweenrewrite systemsand say
that (theenjoymentor not of) any possiblediagramis pre-
served andre�ected acrossa large classof epimorphisms.
The speci�c languageof propertiescapturedby the dia-
gramsis thereforeof crucial importance. We can testify
throughpersonalexperiencethat our diagramlanguageis
ratherexpressive but we leave for future work an objec-
tive characterisationof the issue;see,however, Section3.
Among the questionsthat can be addressedare: can the
languageof propertiesformalisableasa diagrambe inde-
pendentlycharacterised(similarto theGoldblatt-Thomason
Theoremin modal logic [8])? What is the largestclassof
functionsthat preserve andre�ect diagrams?What is the
largestsetof propertiesthatarepreservedandre�ected by
our classof functions?As it stands,theseissuesareindi-
rectly addressedby thefactsthati) theuseof diagramsis a
wide-spreadpracticeandii) our formaldevelopmentis sur-
prisinglystraightforwardandfully algebraic.

Relations We consider Abstract Rewrite Systems
(ARSs),! x µ X £ X , over carrierset,X , with primitive
equality, = X . The re�exive, transitive (or pre-order)clo-
sureof an ARS, ! x , is denoted!! x or x¤, dependingon
context. Symmetricclosureis denotedx̂, while re�exive,
transitive, symmetric(or equivalence)closureis denoted
= x or x. Juxtaposition(e.g.,xy) indicatesrelation-union.
Relationalcompositionis writtenwith asemi-colonx; y.
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2 Diagrams

Diagramswith solid (universal)and dashed,dottedor
grey (existential) lines aboundin the rewriting literature.
Barendregt [4, “Hints for the Reader”]calls them “cate-
gorytheoretic” pictures1. BaaderandNipkow usethemand
their “precisemeaning”throughouttheir book[3]. Follow-
ing Vestergaard[26], wesayacommutativediagramof this
natureis a set of colouredverticesand a set of coloured
directededgesbetweenpairs of vertices. Informally, the
colour of a vertex (solid vs open) denotesquanti�cation
modesover terms,universaland existential, respectively.
Edgesarewritten as the relationalsymbol they pertainto
and are either solid or dotted. Informally, the colour in-
dicatesassumedandconcludedrelations,respectively. An
edgeconnectedto anopencirclemustbedotted.A property
is readfrom adiagramthus:

1. write universalquanti�cationsfor all solidcircles

2. assumethesolid relations

3. concludeexistenceof opencirclesanddottedrelations

Thefollowing diagramandformulaarethusequivalent:

² ²

² ±

8x y z:
R¤(x; y) ^ R¤(x; z) )
9u: R¤(y; u) ^ R¤(z; u)

Theuseof opencirclesaswell asdottedlinesallows us
to distinguish(onto):

± ²

(thatis, 8y: 9x: R(x; y)) from (complete):

² ²

(thatis, 8x y: R(x; y)).
A diagramis thusagraphicalrepresentationof a¦ 1 con-

dition on a relation(or a family of relations,asin commu-
tativity andsequentialisationstatements).

De�nition 1 (Diagrams) A diagram is a quadruple
hB ; W; F; E i , with B the set of closed(“black”) circles,
andW thesetof open(“white”) circles.F µ N £ B £ B
represents the solid (“for all”) links between solid
circles, where the natural-number indexing serves
to identify different relations (if necessary). Finally,
E µ N £ (B + W ) £ (B + W ) representsthe dotted
(“existential”) links (again, possibly of different sorts),
which maybebetweeneithersolidor opencircles.2

1The differenceis that dashedlines in category theoreticpicturesare
usuallyreadas“uniqueexistence”,andthatdiagramsareconcernedwith
equalityof composedarrows.

2Theuseof N to index relationsis anarbitrarychoice:for addedgen-
erality, diagramscouldbeparameterisedby this index set.Further, though
we will not exploit it, we notethatthis formalismallows diagramsof in�-
nitesize.

Wecannow capturewhatit is for adiagramto betrueof
a family of relations.

De�nition 2 (Diagram Evaluation) A diagram d is true
of relationsRi over X £ X (written Ri j= d), if for ev-
ery functionf : B ! X that is homomorphicon all theF i

andRi simultaneously(i.e., 8n b1 b2: (n; b1; b2) 2 F )
(f (b1); f (b2)) 2 Rn ), there is a g : W ! X , such that

8n b1 b2: (n; b1; b2) 2 E ) (f (b1); f (b2)) 2 Rn

8n b1 w2: (n; b1; w2) 2 E ) (f (b1); g(w2)) 2 Rn

8n w1 b2: (n; w1; b2) 2 E ) (g(w1); f (b2)) 2 Rn

8n w1 w2: (n; w1; w2) 2 E ) (g(w1); g(w2)) 2 Rn

(Valuesbi andwi are implicitly injectedinto theappropri-
atehalf of thedisjoint unionwhenmembershipof E is as-
serted.)

Example: Diamond Thegraphicaldiamondpropertydi-
agram

² ²

² ±

is formally capturedby Diamond = hf0; 1; 2g; f 0g; F; E i ,
where

F = f (1; 0; 1); (1; 0; 2)g

E = f (1; inl(1); inr(0)) ; (1; inl(2); inr(0))g

Lemma 3 ThediagramDiamond is trueof a familyof re-
lationsRi in thesenseofDe�nition 2 iff R1 hasthediamond
property.

Example: Completeness The graph-completenessdia-
gram

² ²

is capturedby

GComp = hf0; 1g; ; ; ; ; f (1; inl(0); inl(1))gi

Lemma 4 ThediagramGComp is true of a family of re-
lationsRi iff R1 is complete, that is 8x; y: R1(x; y).

Example: Commuting Relations The commuting-
relationsdiagram

² ±

² ²
1

2

2

1

is capturedby ComRel = hf0; 1; 2g; f 3g; F; E i where

F = f (1; 0; 1); (2; 1; 2)g

E = f (2; inl(0); inr(3)) ; (1; inr(3); inl(2))g
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Lemma 5 ThediagramComRel is true of a family of re-
lationsRi iff R1 andR2 commute, i.e.,

8x y z: R1(x; y) ^ R2(y; z) ) 9u: R2(x; u) ^ R1(u; z)

Notealsothatadiagramwith only solidedges(including
theemptydiagram)is vacuouslytrue.

De�nition 6 (Diagram Equivalence) Relation fam-
ilies ! x and ! y are diagram equivalent (written
¢ -Eq(! x ; ! y )) if for all diagramsD, ! x j= D if and
only if ! y j= D .

(Oftenwe will only be interestedin oneparticular pair
of relations,ratherthana wholefamily.)

In what follows we will develop a theory establishing
suf�cient conditionsto show diagramequivalence.Wecon-
siderthesituationof two ARSswith interrelatedcarriersets,
oneconcrete, C, andoneabstract, A. Therelationshipbe-
tweenC andA is capturedby sometotalandontofunction,
b¡c : C ! A (that parameterisesthis and later sections).
This functionwill beconstrainedin thewayin whichit pre-
servesandre�ects reductionsin thetwo carriersets.

De�nition 7 Let ! ci µ C £ C and ! a i µ A £ A be i -
indexedARSfamilies.

(Presci
a i

) , 8i c1 c2: c1 ! ci c2 ) bc1c ! a i bc2c

(aRe�ci
a i

) , 8i c1 c2: c1 ! ci c2 ( bc1c ! a i bc2c

(sRe�ci
a i

) , 8i a1 a2:
a1 ! a i a2 )
9c1 c2: bc1c = a1 ^ bc2c = a2 ^

c1 ! ci c2

`Pres' standsfor preservation, `sRe�' for some-re�ection,
`aRe�' for any-re�ection; wewrite (Presca) for 8i : (Presci

a i
),

and, analogously, write (sRe�ca) and (aRe�ca). Someau-
thors identify functionssatisfying(Presca) and (aRe�ca) as
“stronghomomorphisms”.

Our key lemmageneralisesearlier results[27] but it is
worth noting that the arrived-atconclusionis very strong,
indeed(although,it remainsto beseenexactlyhow strong).

Lemma 8 (Any-Re�ected Diagram Equivalence)

(Presca) ^ (aRe�ca) ) ¢ -Eq(! c; ! a)

Proof ConsideranarbitrarydiagramD = hB ; W; F; E i .
Case1: D is true of ! c, and an arbitrary f : B ! A
is homomorphicover F . As b¡c is onto, thereis a right-
inverseh : A ! C. Combining,we have that h ± f is
homomorphiconto C by (aRe�ca). BecauseD is true of
! c, thereis a homomorphicg : W ! C. By (Presca),

bg(¡ )c is a homomorphismof thedesiredform from W to
A.

Case2: D is trueof ! a , andanarbitraryf : B ! C is
homomorphicoverF . By (Presca), bf (¡ )c is homomorphic
over F into A. As D is trueof ! a thereis a homomorphic
g : W ! A. By compositionwith an inverseof b¡c , and
useof (aRe�ca), we derive a homomorphismof thedesired
form from W to C. ¤

3 Modalities and Diagrams

As brie�y discussedin Section1, our resultsappearto
be related(but complementary)to classicresultsin modal
logic. It is instructive to look at someof thedetailsof this
connectionin orderto understandsomeof thesubtletiesof
ourdiagramlanguage,e.g.,in relationtoequalityandequiv-
alence,assuchdifferenceswill becomeimportantlateron.

3.1 Mo dal Frame Axioms

Diagramsarecapableof expressingmany of thenotions
over relationsthatarealsoexpressiblein theframeaxioms
of propositionalmodal logic. In addition to the diamond
andcommutingrelationsdiagrams,wehave theexampleof
symmetry:thediagramis

² ²

while theframeaxiomis

p ) 23 p

While thereis considerableinterestingoverlap,it is equally
clearthatneitherlanguagecontainstheother. Not all modal
formulasare expressiblein �rst order logic, for example,
whereasall diagramsare�rst order. Conversely, consider
thefollowing diagramfor “existenceof a re�exive point”:

±

This propertyis not expressibleasa frameaxiom because
it is not preservedby generatedsub-frames,asrequired.In
fact, diagramsare not guaranteedto be preserved by the
threestandardmodalconstructions:

Boundedp-morphisms: If Á is trueof relation! c on C,
andthereis a homomorphic,onto, function f : C !
A, wheref (c) ! a a in A impliesthereexistsac0such
thatf (c0) = a andc ! c c0, thenÁ is trueof ! a .

Disjoint unions: If every frame in a family R i satis�es
someformulaÁ, thensotoodoes] i Ri .

Generatedsub-frames: If Á is trueof a relationR, thenit
is alsotrueof thesub-relationR0, wherethedomainof
R0 is closedundertherelation.
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The counter-example to diagram-preservation for
boundedp-morphismscorrespondsto theformula

8x y: R(x; y) ^ R(y; x) ) 9z: R(x; z) ^ R(z; y)

wherethe rangeof the p-morphismis a two-elementloop
(which falsi�es the diagram),and wherethe domainis a
threeelementchain(whichsatis�esthediagram).

The counter-examplefor disjoint unionsis the diagram
for a completegraph.While two graphsmaybecomplete,
their disjoint union will not be. Finally, we have already
seenthat theexistenceof a re�exive point is not preserved
by generatedsub-frames.

3.2 Equalit y

Diagramsarenotableto captureall the�rst-order de�n-
ablemodalformulas,at leastnot without outsidehelp. The
simplestcounter-exampleis determinism

3 p ) 2 p

or in its �rst orderform

8x y z: R(x; y) ^ R(x; z) ) (y = z)

Without seemingto mentionthe notion at all, the modal
formularefersto equality. It is notpossibleto similarly use
equalityimplicitly insidediagrams.On theotherhand,it is
certainlypossibleto explicitly statethata diagramis being
evaluatedwith respectto afamily of relations,oneof which
is equality. Graphically, determinismcouldbedonethus

²

²

²

R

R

=

To beexplicit abouttheformal presentation,theabove dia-
gramis hf0; 1; 2g; ; ; F; E i where

F = f (0; 0; 1); (0; 0; 2)g

E = f (1; inl(1); inl(2))g

Thelabellingof thearrows in thegraphcorrespondsto as-
sertingthatthediagramis trueof therelationshR; = i (thus,
the F -links belongto relation0, which is R, and the one
E-link belongsto relation1, which is equality).

Unfortunately, the stronghomomorphismsthat are the
basisfor our preservation and re�ection resultsonly pre-
serve equality; they do not re�ect it. Similarly, in modal
logic, frame axioms are only preserved by boundedp-
morphisms,not re�ectedby them.

In what follows, we successfullydealwith equalityby
re�ecting it backto equivalence. Complementingthis ap-
proach,we shall return to “internalised” equality in Sec-
tion 7.3.

4 Structural Collapse

Let usassumetheconcretecarriersetC containsunde-
siredstructure, axiomatisedby ! sµ C £ C; A is intended
to beastructure-freeversionof C.

De�nition 9 A is thes-collapseof C, (CollCA )s, for ! s if

(kSound)s , 8c1; c2: c1 ! s c2 ) bc1c = A bc2c

(kCompl)s , 8c1; c2: c1 = s c2 ( bc1c = A bc2c

(CollCA )s , (kSound)s ^ (kCompl)s

The�r sttwopropertiesstatethat! s axiomatisesthekernel
of b¡c : `kSound'standsfor kernelsoundnessand`kCompl'
for kernelcompleteness.

De�nition 10 Wecall ! s orientation-freeif anysequence
of s-stepscanbeundonebyfurthers-steps.(Thisis slightly
weaker thansimplyrequiring! s to besymmetric.)We re-
fer to thes-collapseof an orientation-freerelation,s, asa
structuralcollapse.

(oFree)s , 8c1 c2: c1 = s c2 ) c1 ! ¤
s c2

(StrCollCA )s , (CollCA )s ^ (oFree)s

With this, we notethatwe typically de�ne a1 ! a a2 to
bec1 ! c c2, for ai = f c0

i j c0
i = s ci g. Whenwe do this,

we have, e.g.,(Presca) and(sRe�ca) by construction,which
motivatesthefollowing de�nition.

De�nition 11 ! aµ A £ A is inducedas the (structural)
collapseof ! cµ C £ C, relativeto ! sµ C £ C if

(Coll! c
! a

)s , (CollCA )s ^ (Presca) ^ (sRe�ca)

(StrColl! c
! a

)s , (StrCollCA )s ^ (Presca) ^ (sRe�ca)

Proposition12

(StrColl! c
! a

)s , (Coll! c
! a

)s ^ (oFree)s

Proof By de�nition. ¤
We shallnow attemptto lower theproof burdenfor uses

of our key Lemma8. First we addresstheany-requirement
of thelastproperty. In thepresenceof structure,we have a
some-any equivalence:

Proposition13 (Re�ection is Structurally Some/Any)

(kSound)s ^ (kCompl)s ) ((sRe�ca) , (aRe�s;c;s
a ))

Proof By two directarguments. ¤
Dueto its inherentany-nature,thepreservationproperty

is straightforwardly closedunder the additional structure
(useof = s; c; = s insteadof c):

Proposition14 (Structural Preservation)

(kSound)s ^ (Presca) ) (Press;c;s
a )

Proof By adirectargument. ¤
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Thus, our �rst weakening result is that diagram-
equivalence holds if we have preservation and some-
re�ection (ratherthanLemma8's any-re�ection), but that
the concretereductionrelation must be bracketed by s-
equivalencesteps:

Theorem15 (Coll! c
! a

)s ) ¢ -Eq((= s; ! c; = s); ! a)

Proof Lemma8 andPropositions13and14. ¤

Example: While Lemma8 may make diagramequiva-
lencelook simple, it does,slightly counter-intuitively, es-
tablish the propertybetween! c and ! a below [27]. In
passing,this exampledemonstrateshow the “determinism
axiom” (3 p ) 2 p) from Section3 is not re�ected by
stronghomomorphisms.

C1 A1

C2 C3 A2

c c a

Up-front, this may be taken to imply that the language
of propertiesexpressibleasdiagramsis weak,asit cannot
separatethetwo relations.However, it isprobablymorerea-
sonableto concludethat the involved issuesarenon-trivial
andsubtle.In particular, addinga re�exive ! a-stepon A2

breaks(aRe�xy ) becauseit necessitates! c (or ! s) steps
betweenC2 andC3. The issuestake shapewhenwe pur-
suere�exive, transitive closuresnext. Indeed,considering
relationsthatarere�exive andtransitive appearsto rule out
anomaliesliketheoneabove,leaving uswith acleannotion
of diagramequivalence(but theissueremainsopen).

5 Pre-Order Reduction

When we considerthe pre-order, or transitive, re�ex-
ive closuresof our reductionrelations(as is necessaryfor
con�uence, for example),structureagain turns out be in-
tertwinedwith the processof weakening “any” (aRe�) to
“some” (sRe�) in Lemma8. First, we notethat preserva-
tion is straightforwardlyclosedunderpre-ordering.

Proposition16 (Pre-ordered Preservation)

(Presxy ) ) (Presx
¤

y¤ )

Proof By re�exive, transitive induction. ¤

But if we wish to include the structuralrelations, the
naturalextensionattheconcretelevel is to therelation!! sc ,
i.e., (s [ c)¤. This is not there�exive andtransitive closure
of (s; c; s), asthelattercannotdos by itself.

Lemma 17 (Structural Pre-ordered Preservation)

(kSound)s ^ (Presca) ) (Pres(sc)¤

a¤ )
Proof By re�exive, transitive induction. ¤

The dual situationof pre-orderclosurefor re�ection is
slightly differentbecausetheconsideredb¡c neednot and
typically will notbeone-to-one.

Proposition18

1. (sRe�xy ) 6) (sRe�x
¤

y¤ )

2. (aRe�xy ) 6) (aRe�x
¤

y¤ )

Proof The�rst propertyneedsonto-nessfor there�exive
casebut fails in thetransitivecase.For thesecondproperty,
there�exive caseis problematicwhile onto-nessmakesthe
transitivecasego through.Inducedcounter-examples:

C1 C21 C22 C3

A1 A2 A3

x x

y y

C1 C2

A

¤

With explicit s-equivalence,we have a similar result to
Proposition16 for (sRe�ca), provided we are considering
a structurals. The relation at the concretelevel is again
(s [ c)¤.

Lemma 19 (Some-Re�ectionis Structurally Pre-ordered)

(kCompl)s ^ (oFree)s ^ (sRe�ca) ) (sRe�(sc)¤

a¤ )

Proof By re�exive, transitive induction. ¤

Moreover, asome/any-equivalenceholds.

Lemma 20 (Pre-ordered Structural Re�ection is Some/Any)

(kCompl)s ^ (oFree)s ) ((sRe�(sc)¤

a¤ ) , (aRe�(sc)¤

a¤ ))

Proof By two directarguments. ¤

The two precedinglemmasthereforegive us the best
we couldhopefor, namelythatsimple,computational-only
some-re�ectionsuf�ces for showing full-scale structural
any-re�ection.

Lemma 21

(kCompl)s ^ (oFree)s ^ (sRe�ca) ) (aRe�(sc)¤

a¤ )

Proof By Lemmas19and20. ¤
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We note that some-re�ectionallows for structureand
computationto beaddressedseparately. In particular, struc-
tureneedonly beaddressedoncefor eachlanguage.

To conclude:

Theorem22 !! sc and!! a are diagramequivalentif ! a

is inducedasthestructural collapseof ! c, relativeto ! s:

(StrColl! c
! a

)s ) ¢ -Eq(!! sc ; !! a)

Proof By Lemma8, it remainsto beprovedthatwehave
(Pres(sc)¤

a¤ ) and(aRe�(sc)¤

a¤ ), whichfollow from Lemmas17
and21. ¤

5.1 In termediate Relations

For technicalreasonsinvolving, e.g.,parallel reduction
relations,wenotethatwehave thefollowing result.

Theorem23

(StrColl! c 0
! a 0)s

^ (! cµ! c0µ! ! sc) ^ (! aµ! a0µ! ! a)
+
¢ -Eq((= s; ! c0; = s); ! a0) ^ ¢ -Eq(!! sc ; !! a)

Proof Proposition24,next, with Theorems15and22.¤

Theoutstandingresultin theabove proof concernsuni-
versalityof re�exive,transitiveclosurefor relatedrelations.

Proposition24

² ! aµ! a0µ! ! a ) !! a0= !! a

² ! cµ! c0µ! ! sc ) !! sc0= !! sc

Proof The �rst result is a special-caseof the secondre-
sult, with ! s the identity relation. The secondresult fol-
lows by two re�exive, transitive inductions,whereonly the
basecasesareinteresting. ¤

6 Applications

Herewedescribehow thegeneraltheorypresentedsofar
canbe usedto demonstrateconnectionsbetweendifferent
views of thesameunderlyingbehaviour. We alsonotethat
suchconnectionsdo not needto beshown by theconstruc-
tion of a single homomorphismsatisfyingthe constraints
of Theorems15 or 22. Instead, the fact that diagram-
equivalenceis anequivalencemeansthatequivalencesinde-
pendentlyestablishedwith distincthomomorphismscanbe
stitchedtogetherto establishthediagramequivalenceof su-
per�cially disparatesystems.Indeed,we shallnow discuss
the diagramequivalencesindicatedin Figure1: ¸J m and
¸ G arethe (non-formalist)termcalculi for cut-elimination

¸ 1
® ¸ 2

® ¸ 3
® ¸J m

¸ var ¸ G

® ® ®

Id

p̂q̂

Fig. 1. Diagram-equivalentsystemsandtheirwitnessing
epimorphisms,indicatedby collapsedstructure;
solid lines: formalised,dashedlines: discussed

studiedin [21, 23, 22, 24]; ¸ i
® are threedifferent formal-

ist presentationsof the ¸ -calculusover ®-collapsedterms
(identi�ed below in Section6.1); and ¸ var is the equally
formalist versionover �rst-order abstractsyntaxwith one-
sortedvariablenamesandwith explicit ® in [26, 27].

6.1 The ¸ -calculus

In this section, we describethe connectionbetween
two different presentationsof the ¸ -calculus: the “raw”
�rst order syntax,and the samesyntaxquotientedby ®-
equivalence.Theraw syntaxis simply thefreealgebragen-
eratedby therecursionequation

¤ »= V + ¤ £ ¤ + V £ ¤

with V somein�nite setof variablenames.
This type's behaviour (¯ -reduction)canbede�ned in at

leasttwo ways.

Partial Make substitutionof M for variablev in term N
behavecorrectlyonly whentheabstractionsin theterm
N do not needto berenamedto avoid captureof free
variablesin M . The¯ -reductionrelationfor this type
can then be partial as well: if the preconditionsfor
the ¯ -reduction's substitutionare not met, no reduc-
tion takesplace.

Theadvantageof this approachis thatthesubstitution
functioncanbede�ned by primitive recursion.All de-
sired reductionscan be performedby �rst making a
seriesof ®-renamingsteps.This approachis carefully
presentedby VestergaardandBrotherston[26, 27].

Total De�ne substitutionon ¤ asa total functionthatmay
performadditionalrenamingstepsasit passesthrough
abstractions.Sucha function can be de�ned by re-
courseto ade�nition usingsimultaneoussubstitutions,
iteratedsubstitutions,or well-foundedrecursiononthe
sizeof the argument. In our view, the advantagesof
totality aremorethancounter-balancedby the disad-
vantagesof ugly de�nitions andtheneedto choosear-
bitrary freshnamesasa termis traversed.
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Eitherform of substitutionon ¤ allows thede�nition of
®-equivalence.We canthentake thequotientwith respect
to thatequivalence,generatinga freshtypethatwewill call
¤ ®. De�ning ¯ -reductionon the quotientedtype ¤ ® can
alsobedonein anumberof ways.

Lifting substitution Homeier[11] de�nesa total substitu-
tion functionon¤ andshowsthatthisfunctionrespects
®-equivalence,enablingit to be“lifted” to thelevel of
¤ ®. Beingableto do this is perhapsthebestargument
for usingthe“total” optionabovefor substitutionon¤ .
With substitutionde�ned on ¤ ®, de�ning ¯ -reduction
is straightforward.

Lifting ¯ -reduction Onecande�ne the ¯ -reductionrela-
tion on ¤ ® by referenceto therelationon ¤ , allowing
for explicit ®-conversionattheraw level [26, 27]. This
avoidstheneedtode�ne substitutionatthelevel of ¤ ®.

De�ning substitution dir ectly If onehasa recursionprin-
ciple for ¤ ® justifying the de�nition of functionsin
a primitive recursive style,substitutioncanbede�ned
directly. Recursionprinciplesof the desiredsort are
discussedin papersby Ambler et al. [1], Norrish[16]
andPitts [18]. Then,with substitutionde�ned at the
level of ¤ ®, ¯ -reductioncanalsobede�ned directly.

With ¯ -reductionde�ned on ¤ ® it is possibleto compare
thetwo typesandtheirassociatedbehaviouralrelations.Be-
low, wewill write Ã ¯ for therelationon¤ and! ¯ for the
relationon¤ ®.

Clearly, the desiredhomomorphismbetweenthe two
typesmust be the function taking a raw value in ¤ to its
equivalenceclassin ¤ ®. We will write btc to denotethe
equivalenceclassof t 2 ¤ . By Theorem15, thereis dia-
gramequivalencebetween̄ -reductionon ¤ ® and= ®; Ã ¯

; = ® on¤ if it is possibleto show (CollÃ ¯
! ¯

)®.
Because¤ ® is the quotient of ¤ with respectto ®-

equivalence,wehavea total,ontofunctionwith (kSound)®

and (kCompl)® by de�nition. The remainingproof obli-
gationsarethat the mapfrom ¤ to ¤ ® mustpreserve and
some-re�ectreductions.

Lemma 25 (Preservation of ¯ -reduction) If t Ã ¯ u,
thenbtc ! ¯ buc.

Proof If ¯ -reductionon ¤ ® hasbeende�ned by lifting
theoperationfrom ¤ , thisresultis immediate,by de�nition.
Otherwise,theproofis by ruleinductiononthede�nition of
Ã ¯ . Theonly interestingcaseis showing thatsubstitutions
in ¤ canbematchedby thosein ¤ ®. This proof is in turn
straightforward becausethe preconditionsfrom ¤ require
anappropriatechoiceof boundnamein theabstraction. ¤

Lemma 26(Some-re�ection of ¯ -reduction) If M ! ¯

N , thenthere exist t; u 2 ¤ , with btc = M andbuc = N ,
such that t Ã ¯ u.

Proof Again, if ¯ -reductionon ¤ ® hasbeende�ned by
lifting the operationfrom ¤ , thenthe result is immediate.
Otherwise,the proof is by rule inductionon the de�nition
of ! ¯ . Thecongruencecasesfor applicationsrequireuse
of the fact that b c is onto. The basecasealso usesthis
result,aswell as the fact that it is alwayspossibleto �nd
®-equivalentversionsof termsthathave their boundnames
chosenso as to avoid clasheswhen a substitutionis per-
formed. ¤

To show that con�uence (a propertyof pre-orderclo-
sures)at the raw level is presentif andonly if it is present
at thequotientedlevel, we appealto Theorem22. This re-
quiresonly thatwe now show (oFree)®. As ®-equivalence
is indeedanequivalence,this is immediate.More,we have
not justestablishedequivalencefor con�uence,but that! ¤

¯
andÃ ¤

®¯ shareall possiblediagrams.
Wehaveformally veri�ed theexistenceof structuralcol-

lapsesfor threedifferent formalist presentationsof the ¸ -
calculusover ®-collapsedtermsrelative to ¸ var .

¸ 1
®: terms-as-®-equivalence-classes with “lifted ¯ -

reduction”[27, in Isabelle/HOL].

¸ 2
®: GordonandMelham'sdirectlyde�ned ¤ ® [9], usinga

similarly directlyde�ned ¯ -relation[17, in HOL4].

¸ 3
®: aquotientwith substitutionand¯ -reductionde�neddi-

rectly [17, in HOL4].

Thesesystemsare the various¸ i
® in Figure 1 and, by

thispaperandits HOL4-veri�ed development,wetherefore
have diagram-equivalenceof all thesesystemsand¸ var .

In future work, thereare at least two other ¸ -calculus
systemsthat we would like to relate to ¸ var in the same
way: termsusingdeBruijn indices,andaweakHOAS style
presentationwith abstractionsrepresentedusingfunctions.

6.2 Structural Pro of Theory

It is known that ¯ -reductionin the ¸ -calculusis basi-
cally the sameasPrawitz-style normalisationin a natural-
deduction,or N-system,presentationof intuitionistic logic
[12, 20]. Otherpresentationsof intuitionistic logic arealso
possible,notably logical-deduction,or L-system,style us-
ing a cut rule (akasequentcalculus)[7]. Therearecom-
pellingreasonswhy also¯ -reduction/Prawitz-stylenormal-
isationandGentzen-stylecut-eliminationshouldberelated
[15]. Indeed,theconnectionwas�rst exploredin [30] and
thenpresentedin analgebraicform consistentwith our no-
tion of structuralcollapsein [19, “Normalizationasa ho-
momorphicimageof cut-elimination”].Therelevantnotion
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of structureis axiomatisedby whatis referredto aspermu-
tative conversions[14] (covering alsoexplicit-substitution
[28] andpattern-matchingissues[5] in their mostgeneral
form). Although algebraicallyadequate,the early treat-
mentsof the resultwerenot suf�ciently �ne-grainedto al-
low for a non-structural,or computational,understanding
of (all) permutative conversions.A mainreasonis thatap-
plication in L-systemsis best thoughtof as taking place
“outside-in”, asopposedto the “inside-out” of N-systems
[10, 21] andof beingof a generalisednature[29]. Follow-
ing this realisation,permutative conversionshave beenre-
worked [6, 25] anda tight but stagedcorrespondencehas
�nally beenarrivedat [23, 22, 24]. We will now applyour
framework to theconsideredsystemsandestablishtheirdi-
agramequivalence;we considerterm languages,only, and
referto [23, 22,24] for theproof/typingrulesthey capture.

6.2.1 Preliminaries

We �rst note that Gentzen[7] proved that his L-systems
werenot moreexpressive thanhis N-systemsby exhibiting
a (conclusion-respecting)mappingfrom the latter in to the
former. In thecaseof intuitionistic implication, the image
of themappingis asfollows.

De�nition 27 (¸ G-Terms [21])

G ::= V j ¸V :G j G(G; L G; (z)z)

L G ::= []

The third clause in G, e.g., g1(g2; []; (z)z), captures
Gentzen's target term for implication elimination,namely
a cut on a left-introductionover an axiom. A term-model
annotationfor a generalleft-introductionof implication is
let x := f ea in ec [28]. The readingis that f is the intro-
ducedassumptionof an implication; it takes the premise
that typically sitson the left, ea , andconvertsit into a wit-
nessthatcanbeusedto dischargetheassumption,x, in the
premisethat typically sits on the right, ec. The term ec is
thecontext, or continuation,which in theaboverulesimply
is theidentity (z)z. Anotherway of writing g1(g2; []; (z)z)
is thereforeas (let z:= f g2 in z)[[f := g1]], with “ [[f := ]]”
standingfor acutagainsttheassumptiondenotedby f . Re-
turningto thenotationabove,wenotethattheL G-category,
which for now consistsof the empty list, [], only, is due
to Herbelin [10] and, in the generalcase,can be usedto
stack left-implication rules on top of eachother. This is
whatamountsto “outside-in” applicationin L-systemsbe-
causethe function-position,i.e., the term that sits outside
the parentheses,getsappliedto g2 inside the parentheses
andthento any gs in L G, in thegeneralcase.

As it turns out, G is closedundercut-eliminationand,
following [23], wewrite g1[g2] for g1(g2; []; (z)z).

De�nition 28 (¸ G-Reduction [21]) Let s be meta-level
substitution(of g2 for x in g1) and let ¸ G-reduction, ! ¯ G ,
bethecontextual closureof thefollowingcontractionrule.

(¸x:g 1)[g2] ! ¯ G s(g2; x; g1)

¸ G is, thus,a “notationalvariation”on the¸ -calculus[21].

Lemma 29 (StrColl! ¯
! ¯ G

)Id ¤

Proof [21, Theorem6, Chapter5] shows thatGentzen's
mappingis anisomorphism. ¤

Theorem30 ¢ -Eq(! ¯ ; ! ¯ G ) ^ ¢ -Eq(!! ¯ ; !! ¯ G )

Proof Theorems15and22with Lemma29. ¤

6.2.2 “ A calculusof multiary sequentterms” [23, 24]

As suggestedabove, a fuller computationalaccountof cut
eliminationis possiblewhenremoving thetwo arti�cial re-
strictionson ¸ G-terms.

De�nition 31 (¸J m -Terms [23])

J m ::= V j ¸V :J m j J m (J m ; L J m
; (V )J m )

L J m
::= J m :: L J m

j []

The exact differencesbetweenJ m and G are i) in the
third clause,e.g., j 1(j 2; l ; (z)j 3), the context (in the left
rule), j 3, neednot bevacuousandii) left implicationscan
bestacked,j 2; l , to form a “multiary” applicationof j 1.

De�nition 32 (¸J m -Reduction [23]) Let s and @ be
meta-level substitutionandappendfunctionsandlet ¸J m -
reduction, ! ¯ 1 ¯ 2 ¼¹ , bethecontextualclosureof thefollow-
ing contractionrules.

(¸x:j 1)( j 2; []; (y)j 3)

! ¯ 1 s(s(j 2; x; j 1); y; j 3)

(¸x:j 1)( j 2; j 0 :: l ; (y)j 3)

! ¯ 2 s(j 2; x; j 1)( j 0; l ; (y)j 3)

j 1(j 2; l ; (y)j 3)( j 0
2; l0; (y0)j 0

3)

! ¼ j 1(j 2; l ; (y)j 3(j 0
2; l0; (y0)j 0

3))

j 1(j 2; l ; (y)y(j 0
2; l0; (y0)j 0

3))

! ¹ j 1(j 2; @(l ; j 0
2; l0); (y0)j 0

3)

In the¹ -rule,y mustbefreshwith respectto j 0
2, l0, j 0

3 [25].

De�nition 33 (¸J m -PermutativeConversions[23]) Let
@2 be a meta-level append-and-applyfunctionand let the
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permutative conversion relation, ! pq, be the contextual
closureof thefollowingcontractionrules.

j 1(j 2; l ; (x)y)

! p y

j 1(j 2; l ; (x)¸y :j 3)

! p ¸y :j 1(j 2; l ; (x)j 3)

j 1(j 2; l ; (x)j 0
1(j 0

2; l0; (y)j 0
3))

! p j 1(j 2; l ; (x)j 0
1)

(j 1(j 2; l ; (x)j 0
2); @2(j 1; j 2; l ; x; l0); (y)j 0

3)

j 1(j 2; j 0 :: l ; (x)j 3)

! q j 1[j 2](j 0; l ; (x)j 3)

Themainresultsin [23, 22], barone,areasfollows.

Theorem34([23]) ! pq is stronglynormalisingandcon-
�uent.

Theorem35([22, 24]) ! ¯ 0 ¹¼ is strongly normalising
and! X is con�uent for X µ f ¯ 0; ¹; ¼g, with ¯ 0 = ¯ 1¯ 2.

6.2.3 Permutative Convertibility

Thefollowing functionfromJ m to Gprovidesacrucialstep
in theabove,aswell asa furtherinterestingproperty.

De�nition 36 (Permutative-ConversionCollapse[23])

Á(x) = x

Á(¸x:j ) = ¸x:Á (j )

Á(j 1(j 2; l ; (y)j 3)) = Á0(Á(j 1); Á(j 2); l ; y; Á(j 3))

Á0(g1; g2; []; y; g3) = s(g1[g2]; y; g3)

Á0(g1; g2; j :: l ; y; g3) = Á0(g1[g2]; Á(j ); l ; y; g3)

Becauseof Theorem34, we have a total function, #pq,
sendingJ m -termsto their (unique)! pq-normalforms. As
it turnsout,#pq is implementedby Á.

Lemma 37 ([23]) 8j 2 J m : Á(j ) = #pq (j )

Fromhere,wegetthe�nal corepropertyof ¸J m .

Theorem38(Permutative Convertibility [23])

8j 1; j 2 2 J m : j 1 = pq j 2 , Á(j 1) = Á(j 2)

6.2.4 Diagram Equivalencesand Consequences

Fromour perspective, Theorem38 meansthatwe collapse
J m (-terms)to G(-terms)underpermutative convertibility.

Lemma 39 (CollJ
m

G )pq ^ (StrCollJ
m

G )p̂q̂, witnessedbyÁ.

Rememberingthat G µ J m , we notethat we have the
following.

Proposition40 ([23]) 8g 2 G:Á(g) = g.

This (fairly straightforwardly) implies that we have
some-re�ection.

Lemma 41 (sRe�¯ 1 X
¯ G ), for anyX µ f ¯ 2; ¼; ¹ g, witnessed

byÁ.

In order to get preservation, we note that permutative
conversionscanconvert any J m (-term)into a G(-term)and
thatthiseitherpreservesor eliminatesreductionsteps.

Proposition42 ([24])

² 8j 1; j 2 2 J m : j 1 ! ¯ 1 ¯ 2 j 2 ) Á(j 1) !! ¯ G Á(j 2)

² 8j 1; j 2 2 J m : j 1 ! ¼¹ j 2 ) Á(j 1) = Á(j 2)

Lemma 43 (PresX¯ G ¤ ), for any X µ f ¯ 1; ¯ 2; ¼; ¹ g, wit-
nessedbyÁ.

In other words, ¸J m and most of its sub-systemsare
diagram-equivalentwith the¸ -calculus.

Theorem44 ¢ -Eq(!! ¯ 1 X p̂q̂; !! ¯ ), for X µ f ¯ 2; ¼; ¹ g.
Proof Theorem30 andLemma8 appliedto Lemma39,
Lemma41 (via 21),andLemma43(via 17). ¤
Amongmany otherproperties,we thushave thefollowing.

Theorem45 ! ¯ 1 X p̂q̂ is con�uent,for X µ f ¯ 2; ¼; ¹ g.
Proof The ¸ -calculusis con�uent andcon�uenceis ex-
pressibleasadiagram,cf. Lemma3. ¤

We notethat is not clearwhetheror not we areableto
stateany con�uence property for the ¸J m -calculus that
doesnot involve p̂q̂. More ¸J m -speci�c lemmaswould
probablybeneeded,althoughamoregeneralversionof our
resultsmightalsosuf�ce.

As a �nal remark,we notethat [23, 22, 24] factortheir
work throughtwo orthogonal,intermediarycalculi. Ourap-
proachnaturallyappliesthere,too.

7 Extending the Languageof Diagrams

Theformalisednotionof diagrampresentedin Section2
is a simple,albeit expressive, one. In this section,we dis-
cussa numberof extensionsto the formalisation,adding
furtherto diagrams'expressivity, while retainingtheability
to show diagramequivalencefor relationsthatarenot sim-
ply isomorphic.In otherwords,weseekdiagramextensions
thatnot only allow for a sensiblede�nition of satis�ability
with respectto a given relation,but which also retain the
ability to show diagramequivalenceby checkingre�ection
andpreservationpropertiesof candidatehomomorphisms.
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7.1 Negated Links

It is possible to add negated links to our diagrams.
Graphically, we proposethat theselinks be drawn with an
£ symbolsuper-imposed:

± ²£

Theabove graph(“no terminalobject”) canberead

8y: 9x: : R(x; y)

Anotherexampleis

²

² ²£

statingthatnodivergencehasanimmediateresolution.
Wherebeforewe representedlinks in the “forall” and

“existential” relationsas triples of the form (i; from; to),
we extendtheseto 4-tuples:(i; from; to; pos?), wherethe
fourth componentis a booleanvalueindicatingwhetheror
not thelink is negated(trueindicatingthatit is notnegated,
say). For example,the triangulardiagramabove would be
formally representedby hf1; 2; 3g; ; ; F; E i with

F = f (0; 1; 2; > ); (0; 1; 3; > )g

E = f (0; inl(2); inl(3); ? )g

Theevaluationof suchdiagramswith respectto aparticular
relationis of thesamebasicshapeasDe�nition 2,but where
thehomomorphismsf andg of thatde�nition now respect
theextraboolean.In thecaseof f , for example:

(i; b1; b2; > ) 2 F ) Ri (f (b1); f (b2))

(i; b1; b2; ? ) 2 F ) : Ri (f (b1); f (b2))

Lemma 46 (after Lemma 8)

(Presxy ) ^ (aRe�xy ) ) ¢ -Eq(! x ; ! y )

where diagram-equivalencehere meansthat the two rela-
tional structures are true for diagramsincluding negated
links.

Proof If f is our homomorphism,then the conditions
(Presxy ) and(aRe�xy ) togetherensurethat

u ! x v , f (u) ! y f (v)

while onto-nessgivesustheinversethatallows variousho-
momorphismsto compose.Theproof is identicalto thatof
Lemma8. ¤

7.2 (Re°exiv e and) Transitiv e Closure

Thefollowing diagramarisesasaproofobligationwhen
showing that the diamondpropertyfor R implies the dia-
mondpropertyfor R¤.

² ²

² ±

To capturethis within our languageof diagrams,we might
treat! and!! astwo independentrelationsin thediagram,
and to then evaluatethe diagramwith respectto two re-
lations, wherethe secondwas the re�exive and transitive
closureof the�rst.

Unfortunately, if we wish to retainour preservationand
re�ection result, it is not possibleto extendour diagrams
so that theexampleabove is evaluatedwith respectto just
onerelation,andwherethe!! links mustcorrespondto the
re�exive andtransitiveclosureof thatrelationbecause

u ! x v , f (u) ! y f (v)

doesnot imply

u ! ¤
x v , f (u) ! ¤

y f (v)

(seealsoProposition18).
By wayof contrast,transitiveclosuresarepreservedand

re�ected by strong homomorphisms,allowing us to add
transitive links to our languageof diagrams. Finally, the
counter-examplesin Proposition18promptonelastattempt
to deriveatreatmentof equalitythatis notjustpreservedbut
alsore�ectedby stronghomomorphisms.

7.3 Axiomatising Equalit y

If we extendour languagesothatdiagramscanbecom-
binedin apropositionalway, wecanaddextraconstraintsto
our diagrams.Suchconstraintscanthenattemptto directly
characteriseequality. We begin by de�ning a propositional
languageof diagrammaticformulas:

DF ::= d j DF ^ DF j : DF

with d a diagramasalreadyde�ned. Justaswith diagrams,
theevaluationof suchformulasis with respectto a family
of relations.

De�nition 47 We write R j= f Á to meanthat diagram-
matic formula Á is true of the family of relationsR. This
notionis simplyde�ned:

R j= f d = R j= d

R j= f (Á ^ Ã) = R j= f Á and R j= f Ã

R j= f : Á = R 6j= f Á

10



Lemma 48(Any-Re�ected DF-equivalence)

(Presca) ^ (aRe�ca) )

8Á: ! cj= f Á , ! a j= f Á
Proof By structuralinductiononthestructureof Á, using
Lemma8 for thebasecase. ¤

We cannow constructdiagramsassertingthata relation
is bothanequivalenceandacongruencewith respectto the
otherrelationswe areconcernedwith. Congruenceon the
left is thediagram

² ²

²

R

E
R

(Herethelabellingdoesnot meanthatthediagramis being
evaluatedwith respectto a particularpair of relations.The
labellingsimplydistinguishesthetwo differentrelations.)

Similarly, congruenceon theright is

² ²

²

R

R
E

Diagramsassertingthat E is re�exive, symmetricand
transitive areeasyto construct. De�ning Á ) Ã on dia-
grammaticformulasas: (Á^ : Ã), wecannow expressthe
determinismformulaas

re°exive(E) ^ symmetric(E ) ^
transitive(E) ^ congruent(R; E)

)
²

²
²

R

R
E

Thanksto Lemma48,we know thatthis formulawill be
preservedandre�ected. Unfortunately, we cannot besure
thatwe will have normalmodelsfor thediagrams.In other
words, the constraintsdo not requireE to be the identity,
only that it be an equivalencerelation that “respects”the
variousreductionrelationsweareinterestedin.

8 Conclusion

We have formaliseda languageof diagramsof the sort
that is widely usedinformally to expressbehavioural prop-
ertiesof rewrite relations.The languagegivesa simplese-
manticsfor a varietyof ¦ 1-formulas,includingnegatedre-
lationships. We have usedthis to give an algebraicproof
thattwo rewrite relationsthatarerelatedby astructural col-
lapseenjoy all thesameproperties,expressedasdiagrams.
The developmentincludesresultsthat lower the threshold
for applying the core lemmato the point wherediagram
equivalenceholdsby constructionwhen,e.g.,doing an ®-
collapsein theHindley-Currysense.Thepaperis partlyjus-
ti�ed by thelargenumberof recently-proposedformalisms

for reasoningaboutlanguageswith binding, andwe have
shown that at leastfour different typesfor the ¸ -calculus
arediagramequivalent.A completelydifferently-�avoured
exampleshows diagramequivalencebetween̄ -reduction
andcut-elimination,modulopermutative conversions.
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[26] Reńe Vestergaard. The Primitive Proof Theory of the ¸ -
Calculus. PhDthesis,Schoolof MathematicalandComputer
Sciences,Heriot-WattUniversity, 2003.
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