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Abstract

We presenta formal notion of diagramthat captues
standad rewriting propertiessud as con uence commut-
ing relations, semi-standatisation, the triangle property
etc. We provea numberof resultsthatimply diagramequi-
alencebetweerabstactly relatedrewrite relations,i.e., that
showthat one enjoysa diagram-epressedproperty iff the
otheronedoes. In particular, we focuson the casewhele
one rewrite systemis over structuilly collapsedtermsof
the other We applytheresultsto variousconcetesystems,
including the , -calculus,with its notion of ®-equivalence
and cut-elimination,with its notion of permutativecorver
sions. The core theory and substantialapplicationshave
beenformally veri ed in the HOL4 proof assistant.

1 Intr oduction

Thiswork makesfour importantcontributions

2 Foundationally we want to answer the question:
“how do differentformalisationsof the samesubject-
domain(e.g.,the , -calculus)inter-relate,andin par
ticular do they entail the same behaioural theo-
rems?” This questionis highly pertinentto recent
interestin languageswith binders(see,for example,
the PoPLMARK Challeng€g2]) becausehe proposed
techniguesfor modelling binders (de Bruijn terms,
quotients, higher order syntax, nominal approaches,
and others)are ratherdifferently construedand exe-
cuted.

2 Qur resultshave practical relevancebecausehey al-
low for a broadfamily of propertiegproved of oneap-
proachto beshavn trueof anotheiin “onefell swoop”.

2 Qur resultsalso have technical relevancebecauseas
we shav in Section6.2, our resultsallow usto prove
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propertieghaton the surfacemightlook intractable.

2 Finally, we contritute by formalising diagramsas a
simplelanguagéor capturingthe behaioural proper
ties desiredof a type. Our diagramsare given a for-
mal semanticsand allow us to focus on extensional
behaiour without becomingentangledn intensional
structureor composition.Moreover, we shall seethat
the derived notion of diagramequialenceis not so
constrainedsto forcetypesto beisomorphic.

Choiceof Language Ourresultsareobtainedhroughthe
study of epimorphismsbetweenrewrite systemsand say
that (the enjoymentor not of) ary possiblediagramis pre-
sened andre ected acrossa large classof epimorphisms.
The speci ¢ languageof propertiescapturedby the dia-
gramsis thereforeof crucial importance. We can testify
through personalexperiencethat our diagramlanguageis
rather expressie but we leave for future work an objec-
tive characterisationf the issue;see,however, Section3.
Among the questionsthat can be addressedre: canthe
languageof propertiesformalisableas a diagrambe inde-
pendentlycharacterise¢similarto the Goldblatt-Thomason
Theoremin modallogic [8])? Whatis the largestclassof
functionsthat presere andre ect diagrams?Whatis the
largestsetof propertieghatare presered andre ected by
our classof functions? As it standstheseissuesareindi-
rectly addressetly thefactsthati) the useof diagramss a
wide-spreagracticeandii) ourformal developments sur
prisingly straightforvard andfully algebraic.

Relations We consider Abstract Rewrite Systems
(ARSs),! xu X £ X, overcarrierset,X , with primitive
equality =x . There exive, transitve (or pre-order)clo-
sureof anARS,! , isdenoted! , or x”, dependingon
contxt. Symmetricclosureis denoted®, while re exive,
transitve, symmetric (or equivalence)closureis denoted
= or X. Juxtaposition(e.g.,xy) indicatesrelation-union.
Relationalcompositionis written with a semi-colonx; y.



2 Diagrams

Diagramswith solid (universal) and dashed dotted or
grey (existential) lines aboundin the rewriting literature.
Barendrgt [4, “Hints for the Reader”]calls them “cate-
gorytheoetic” pictures'. BaaderandNipkow usethemand
their “precisemeaning”throughoutheir book[3]. Follow-
ing Vestegaard[26], we sayacommutatie diagramof this
natureis a setof colouredverticesand a setof coloured
directededgesbetweenpairs of vertices. Informally, the
colour of a vertex (solid vs open) denotesquanti cation
modesover terms, universal and existential, respectiely.
Edgesare written asthe relationalsymbol they pertainto
and are either solid or dotted. Informally, the colour in-
dicatesassumedhndconcludedrelations,respectrely. An
edgeconnectedo anopencircle mustbedotted.A property
is readfrom adiagramthus:

1. write universalquanti cationsfor all solid circles
2. assumehesolid relations
3. concludeexistenceof opencirclesanddottedrelations

Thefollowing diagramandformulaarethusequialent:

2 —»2 8xyz:
R7(x; ¥) * R*(x;2))

9u: R?(y;u) ® R%(z;u)

The useof opencirclesaswell asdottedlinesallows us
to distinguish(onto)

(thatis, 8x y: R(X;y)).

A diagramis thusagraphicarepresentationfa; ; con-
dition on arelation(or a family of relations,asin commu-
tativity andsequentialisatiostatements).

De nition 1 (Diagrams) A diagram is a quadruple
hB;W;F;Ei, with B the setof closed(“black”) circles,
andW the setof open(“white”) circles.F 4 N£ B £ B
represents the solid (“forall”) links between solid
circles, whee the natural-number indexing serves
to identify different relations (if necessary). Finally,
E u NE (B+ W)E (B+ W) representsthe dotted
(“existential”) links (again, possibly of different sorts),
which maybe betweereithersolid or opencircles?

1The differenceis that dashedinesin cateyory theoreticpicturesare
usuallyreadas“unique existence”,andthatdiagramsare concernedvith
equalityof composedrrons.

2Theuseof N to index relationsis anarbitrarychoice: for addedgen-
erality, diagramscouldbe parameterisefly thisindex set. Further though
we will notexploit it, we notethatthis formalismallows diagramsof in -
nite size.

We cannow capturewhatit is for adiagramto betrue of
afamily of relations.

De nition 2 (Diagram Evaluation) A diagramd is true
of relationsR; over X £ X (written R; | d), if for ev-
eryfunctionf : B! X thatis homomorphionall theF;
andR; simultaneouslyi.e.,, 8n by by: (n;by;bp) 2 F)
(f (by);f () 2 Rp), thereisag: W ! X, sudthat

8nby bpr (nibkp) 2 E ) (F(by);f () 2 Ra
8n by wpr (njbywz) 2 E) (f (bn);g(wz)) 2 R
8nwy b (njwi; ) 2 E) (g(wi);f (k) 2 R,

8nwy wo: (nwgwp) 2 E) (g(wy); g(ws)) 2 Ry

(Valuesh andw; are implicitly injectedinto the appropri-
ate half of the disjoint unionwhenmembeship of E is as-
serted.)

Example: Diamond Thegraphicaldiamondpropertydi-
agram

2 52

I
....... > i

is formally capturedoy Diamond = hf0; 1; 2g;f Og; F; Ei,
where

E
E

f(1,0;1); (1;0;2)g
f(1;inl(1);inr(0)); (1;inl(2);inr(0))g

Lemma3 ThediagramDiamond is true of a family of re-
lationsR; in thesensefDe nition 2iff R, hasthediamond

property

Example: Completeness The graph-completenesdia-
gram

is capturedoy
GComp = hf0; 1g;; ;;;f(1;inl(0);inl(1))gi

Lemma4 Thediagram GComp is true of a family of re-
lationsR; iff R is completethatis 8x; y: R1(X;y).

Example: Commuting Relations The commuting-
relationsdiagram 2
2 >+
12[ 1
_ 7
2

is capturedby ComRel = hf0; 1; 2g;f 3g; F; Ei where

n
1

f(1,0;1); (2,1;2)g
f(2;inl(0);inr(3)); (1;inr(3);inl(2))g

m
1



Lemma5 Thediagram ComRel is true of a family of re-
lationsR; iff R; andR, commutei.e.,

8xy z:Ri(x;y) M Ra(y;z) ) 9u: Ra(x; u) N Re(u; 2)

Notealsothatadiagramwith only solidedgegincluding
theemptydiagram)is vacuoushtrue.

De nition 6 (Diagram Equivalence) Relation fam-
ilies ! x and ! , are diagram equialent (written
¢-Eq(! ;! y)) if for all diagramsD, ! xF D if and
onlyif! yF D.

(Oftenwe will only beinterestedin one particular pair
of relations,ratherthana wholefamily.)

In what follows we will develop a theory establishing
sufcient conditionsto shav diagramequialence We con-
siderthesituationof two ARSswith interrelatectarriersets,
oneconcete C, andoneabstiact, A. Therelationshipbe-
tweenC andA is capturedby sometotal andontofunction,
bic : C! A (that parameterisethis and later sections).
Thisfunctionwill be constrainedn thewayin whichit pre-
senesandre ects reductionsn thetwo carriersets.

Denition 7 Let! ou C£ Cand! 5,4 AE A bei-
indexed ARSfamilies.

(Pregl) , 8icc: ! ¢ C) bac! 4 bec
(aReg) , 8icicr ¢! ¢ ¢ ( bec! 5 beoc
(sReg) 8ia; ay:

a! a4 @ )

9c; Cp: bcge=a; N beoe= ax

c ! ¢ C

"Pres' standsfor preseration, 'sRe ' for some-re ection
"aRe ' for ary-re ection; wewrite (Pres;) for 8i : (Preg ),
and, analagously write (sRe§) and (aRe §). Someau-
thors identify functionssatisfying(Pres) and (aRe §) as
“stronghomomorphisms”.

Our key lemmageneralisegarlierresults[27] but it is
worth noting that the arrived-atconclusionis very strong,
indeed(although,it remainsto be seenexactly how strong).

Lemma 8 (Any-Re ected Diagram Equivalence)

(Preg)  (aReg) ) ¢-Eq!' ¢! a)
Proof ConsideranarbitrarydiagramD = B ;W;F;Ei.
Casel: D istrueof ! ¢, andanarbitraryf : B ! A
is homomorphicover F. As bjc is onto, thereis aright-
inverseh : A ! C. Combining,we have thath £ f is
homomorphiconto C by (aRe ). BecauseD is true of
I ¢, thereis a homomorphicg : W | C. By (Pre§),

bg(i )cis ahomomorphisnof the desiredform from W to
A.

Case2: D istrueof! 5, andanarbitraryf : B! Cis
homomorphiover F. By (Pre§), bf (i )cis homomorphic
overF intoA. AsD istrueof! , thereis ahomomorphic
g: W ! A. By compositionwith aninverseof bjc , and
useof (aRe §), we derive a homomorphisnof the desired
formfromW to C. o

3 Modalities and Diagrams

As brie y discussedn Sectionl, our resultsappearto
be related(but complementaryjo classicresultsin modal
logic. It is instructive to look at someof the detailsof this
connectionn orderto understandomeof the subtletiesof
ourdiagramlanguagee.g.,in relationto equalityandequi-
alence assuchdifferenceswill becomeémportantlateron.

3.1 Mo dal Frame Axioms

Diagramsarecapableof expressingmary of thenotions
over relationsthatarealsoexpressiblein the frameaxioms
of propositionalmodallogic. In additionto the diamond
andcommutingrelationsdiagramsye have the exampleof
symmetry:thediagramis

while theframeaxiomis

p) 23p

While thereis considerablénterestingoverlap,it is equally
clearthatneitherlanguagecontaingheother Not all modal
formulasare expressiblein rst orderlogic, for example,
whereasall diagramsare rst order Corversely consider
thefollowing diagramfor “existenceof are exive point”:
'ui :
This propertyis not expressibleasa frameaxiom because
it is not presered by generatesgub-framesasrequired.In
fact, diagramsare not guaranteedo be presered by the
threestandardnodalconstructions:

Boundedp-morphisms: If Ais trueof relation! . onC,
andthereis a homomorphiconto, functionf : C !
A, wheref (¢) ! 5 ain A impliesthereexistsac®such
thatf (c% = aandc! . c®thenAistrueof! ,.

Disjoint unions: If every framein a family R; satis es
someformulaA, thensotoo does] | R;.

Generatedsub-frames: If Ais trueof arelationR, thenit
is alsotrue of thesub-relatiorR®, wherethe domainof
ROis closedundertherelation.



The counterexample to diagram-preseation for
boundedo-morphismsorrespondso theformula

8xy: R(Xy)N R(y;x)) 9z: R(x;2) ™ R(z;y)

wherethe rangeof the p-morphismis a two-elementioop
(which falsi es the diagram),and wherethe domainis a
threeelementchain(which satis esthediagram).

The counterexamplefor disjoint unionsis the diagram
for a completegraph. While two graphsmay be complete,
their disjoint union will not be. Finally, we have already
seenthatthe existenceof a re exive pointis not presered
by generatedub-frames.

3.2 Equalit y

Diagramsarenot ableto captureall the rst-order de n-
ablemodalformulas,atleastnot without outsidehelp. The
simplestcounterexampleis determinism

3p) 2p
orinits rst orderform

8xyz: R(x;y) * R(x;2) ) (y=2)

Without seemingto mentionthe notion at all, the modal
formularefersto equality It is not possibleto similarly use
equalityimplicitly insidediagrams.Ontheotherhand,it is
certainlypossibleto explicitly statethata diagramis being
evaluatedwith respecto afamily of relations,oneof which
is equality Graphically determinisncouldbedonethus

R 2
TR~
To beexplicit abouttheformal presentationthe above dia-
gramis hf0; 1; 2g; ; ; F; Ei where

F =
E =

f(0;0;1); (0; 0; 2)g
f(1;inl(1);inl(2)) g

The labelling of the arrows in the graphcorrespondso as-
sertingthatthediagramis true of therelationshR; =i (thus,
the F -links belongto relation0, which is R, andthe one
E-link belongsto relation1, whichis equality).

Unfortunately the stronghomomorphismghat are the
basisfor our preseration andre ection resultsonly pre-
sene equality; they do not re ect it. Similarly, in modal
logic, frame axioms are only presered by boundedp-
morphismsnotre ected by them.

In what follows, we successfullydeal with equality by
re ecting it backto equivalence. Complementinghis ap-
proach,we shall returnto “internalised” equality in Sec-
tion 7.3.

4 Structural Collapse

Let usassumehe concretecarriersetC containsunde-
siredstructue, axiomatisedy! sp C £ C; A isintended
to beastructure-freaversionof C.

De nition 9 A is thes-collapseof C, (Coll§)s, for ! s if

(kSoundls , 8ci;Ci 1! sC ) beic=a boc
(kComp)s , 8ci;6: €1 =5C ( beic=a beoc
(Coll$)s , (kSounds * (kComp)s

The r sttwopropertiesstatethat! ¢ axiomatiseshekernel
ofbjc : "kSound'standdor kernelsoundnesand kCompl'
for kernelcompleteness

De nition 10 Wecall! s orientation-fredf anysequence
of s-stepscanbeundoneby further s-steps.(Thisis slightly
wealer thansimplyrequiring! s to besymmetric.)\e re-
fer to the s-collapseof an orientation-feerelation, s, asa
structuralcollapse

(oFegs
(StrColf)s

81 =) ! ¢
(Coll$)s ~ (oFreds

With this, we notethatwe typicallydenea; ! 45 ax to
bec; ! ¢ ¢, fora = fd j =5 ¢g. Whenwedothis,

we have, e.g.,(Pre§) and(sRe §) by constructionwhich
motivatesthefollowing de nition.

Denition 11 ! su A £ A is inducedasthe (structural)
collapseof! u C£ C,relativeto! su C£ Cif
(Collj ¢)s , (Collg)s * (Preg) * (sReg)
(StrColf ©)s ,  (StrCol)s  (Preg) * (sReg)
Proposition 12

(StrColk ©)s ,  (Collj ¢)s * (OFreds
Proof By de nition. o

We shallnow attemptto lower the proof burdenfor uses
of our key Lemmas8. Firstwe addresghe ary-requirement
of thelastproperty In the presencef structurewe have a
some-ag equivalence:

Proposition 13 (Re ection is Structurally Some/Any)

(ksoundls ~ (kComp)s ) ((sReg). (aRe$°%))
Proof By two directarguments. o

Dueto its inherentary-nature the preseration property
is straightforvardly closedunderthe additional structure
(useof = 4; ¢; = 5 insteadof ¢):

Proposition 14 (Structural Presewation)

(kSounds ~ (Pres) ) (Preg©®)

Proof By adirectargument. o



Thus, our rst wealening result is that diagram-
equialence holds if we have preseration and some-
re ection (ratherthanLemmas's ary-re ection), but that
the concretereduction relation must be bracleted by s-
equivalencesteps:

C-Eq((=s! c;=s)! a)
Lemma8 andPropositionsl3and14. o

Theorem15 (Coll; ¢)s )
Proof

Example: While Lemma8 may make diagramequva-
lencelook simple, it does,slightly counterintuitively, es-
tablishthe propertybetween! . and! , below [27]. In
passingthis exampledemonstratefow the “determinism
axiom” (3p ) 2p) from Section3 is not re ected by
stronghomomorphisms.

C/F=77777 AL
o/ \e la
Cor Cs¥ ™ T 3A;

Up-front, this may be taken to imply that the language
of propertiesexpressibleasdiagramsis weak, asit cannot
separat¢hetwo relations.However, it is probablymorerea-
sonableo concludethatthe involvedissuesarenon-triial
andsubtle.In particulay addingare exive! ,-steponA,
breaks(aRe j) becauset necessitates ¢ (or! s) steps
betweenC, andC;. Theissuestake shapewhenwe pur
suere exive, transitve closuresnext. Indeed,considering
relationsthatarere exive andtransitve appeardo rule out
anomaliedik etheoneabove, leaving uswith acleannotion
of diagramequivalence(but theissueremainsopen).

5 Pre-Order Reduction

When we considerthe pre-ordey or transitive, re ex-
ive closuresof our reductionrelations(asis necessaryor
con uence, for example), structureagain turns out be in-
tertwinedwith the processof wealening“any” (aRe) to
“some” (sRe ) in Lemma8. First, we notethat presera-
tion is straightforvardly closedunderpre-ordering.

Proposition 16 (Pre-ordered Presewation)

(Preg) ) (Prese)
Proof By re exive,transitive induction. a

But if we wish to include the structuralrelations, the
naturalextensiomattheconcretdevel is to therelation!! 4,
i.e.,(s[ ©)°. Thisis notthere exive andtransitive closure
of (5;¢;5), asthelattercannotdo s by itself.

Lemma 17 (Structural Pre-ordered Presewration)

(kSounjs ~ (Preg) ) (Press®”)

Proof By re exive,transitive induction. a

The dual situationof pre-orderclosurefor re ection is
slightly differentbecausehe consideredic neednotand
typically will notbeone-to-one.

Proposition 18
1. (sRe) 6) (sRe}:)
2. (aRey) 6) (aRe.)

Proof The rst propertyneedsonto-nessor there exive
casebut failsin thetransitive case.For thesecondproperty
there exive casds problematiovhile onto-nessnalesthe
transitive casego through.Inducedcounterexamples:

C]_ _X) C21 )\sz _X) (;r3

-
I AN /7 I
A A A
1 y 2 y 3
c c
X »?
\ /
N vV
A

o]

With explicit s-equivalence we have a similar resultto
Proposition16 for (sRe §), provided we are considering
a structurals. The relation at the concretelevel is again

(s[ o°.

Lemma 19 (Some-Re ectionis Structurally Pre-ordered)

(sc)®

(sRez=’ )

By re exive, transitive induction. a

(kComp)s * (oFreds ~ (sReg) )
Proof
Moreover, asome/ag-equivalenceholds.

Lemma 20 (Pre-ordered Structural Re ection is Some/Any)

(kComp)s ~ (oFreds ) ((sRe&?’y . (arRe V"))

Proof By two directarguments. o

The two precedinglemmasthereforegive us the best
we could hopefor, namelythatsimple,computational-only
some-re ectionsufces for shaving full-scale structural
ary-re ection.

Lemma?2l

(Sc)u)

(kComp)s " (oFregs ~ (sRej3) ) (aRe s

Proof By lLemmasl9and20. o



We note that some-re ectionallows for structureand
computatiorto beaddressedeparatelyln particular struc-
tureneedonly be addressedncefor eachlanguage.

To conclude:

Theorem22 I . and! , arediagramequivalentf!
is inducedasthestructurl collapseof! ., relativeto! :

(SUCOHi :)5 ) ¢-Eq" ;! a)
Proof By Lemmas8, it remaingo beprovedthatwe have

(Pre$®”) and(aRe $97), whichfollow from Lemmasl 7
and21. o

5.1 Intermediate Relations

For technicalreasondgnvolving, e.g., parallelreduction
relations,we notethatwe have thefollowing result.

Theorem 23

(StrColk =9)s

M e ! se) M (M el
+

C-Eq=s;! c0;=s)i! a0) M C-Eq! s ! a)
Proof Proposition24, next, with Theoremsl5and22.a

The outstandingesultin the above proof concernauni-
versalityof re exive, transitve closurefor relatedrelations.

aol!! a)

Proposition 24
20 gl ogop!! o) M o=l
21 el !l g ) Moo=l o
Proof The rst resultis a special-casef the secondre-

sult, with ! ¢ the identity relation. The secondresultfol-
lows by two re exive, transitive inductions,whereonly the
basecasesreinteresting. o

6 Applications

Herewe describehow thegeneratheorypresentedofar
canbe usedto demonstrateonnectiondetweendifferent
views of the sameunderlyingbehaiour. We alsonotethat
suchconnectionglo not needto be shavn by the construc-
tion of a single homomorphismsatisfyingthe constraints
of Theorems15 or 22. Instead,the fact that diagram-
equivalencds anequivalencemeanghatequivalencesnde-
pendentlyestablishedvith distincthomomorphismsanbe
stitchedtogethetto establisithediagramequivalenceof su-
per cially disparatesystemsIndeedwe shallnow discuss
the diagramequialencesndicatedin Figure1: J ™ and
, G arethe (non-formalist)term calculi for cut-elimination

Fig. 1. Diagram-equialentsystemsandtheir withessing
epimorphismsindicatedby collapsedstructure;
solidlines: formalised dashedines: discussed

studiedin [21, 23, 22, 24]; | i arethreedifferentformal-
ist presentation®f the , -calculusover ®-collapsedterms
(identi ed belav in Section6.1); and, Y& is the equally
formalistversionover rst-order abstractsyntaxwith one-
sortedvariablenamesandwith explicit ® in [26, 27)].

6.1 The | -calculus

In this section, we describethe connectionbetween
two different presentationof the , -calculus: the “raw”
rst order syntax, and the samesyntax quotientedby ®-
equivalence.Theraw syntaxis simply thefreealgebragen-
eratedby therecursionequation

o 2

V+ofo+VEno

with V somein nite setof variablenames.
This type's behaiour (" -reduction)canbede ned in at
leasttwo ways.

Partial Make substitutionof M for variablev in term N
behae correctlyonly whentheabstractiong theterm
N do not needto be renamedo avoid captureof free
variablesn M . The -reductionrelationfor this type
canthen be partial aswell: if the preconditionsfor
the ~ -reductions substitutionare not met, no reduc-
tion takesplace.

The advantageof this approachs thatthe substitution
functioncanbede ned by primitive recursion All de-
sired reductionscan be performedby rst makinga
seriesof ®renamingsteps.This approachs carefully
presentedyy VestegaardandBrotherstor{26, 27].

Total De ne substitutionon @ asatotal functionthatmay
performadditionalrenamingstepsasit passeshrough
abstractions. Sucha function can be de ned by re-
courseto ade nition usingsimultaneousubstitutions,
iteratedsubstitutionsor well-foundedrecursioronthe
size of the agument. In our view, the adwantagesof
totality are more than counterbalancedby the disad-
vantage®f ugly de nitions andthe needto choosear-
bitrary freshnamesasatermis traversed.



Eitherform of substitutionon = allows the de nition of
®-equivalence.We canthentake the quotientwith respect
to thatequivalence generating freshtypethatwe will call
ae. De ning ~-reductionon the quotientedtype & g can
alsobedonein anumberof ways.

Lifting substitution Homeier[11] de nesatotal substitu-
tionfunctionona andshavsthatthisfunctionrespects
®-equivalence gnablingit to be"lifted” to thelevel of
o . Beingableto dothisis perhapghebestargument
for usingthe“total” optionabove for substitutiorona .
With substitutionde ned on & g, de ning -reduction
is straightforvard.

Lifting ~ -reduction Onecande ne the -reductionrela-
tion on o g by referenceo therelationon &, allowing
for explicit ®-corversionattheraw level [26, 27]. This
avoidstheneedo de ne substitutioratthelevel of o g.

De ning substitution directly If onehasarecursionprin-
ciple for o justifying the de nition of functionsin
a primitive recursve style, substitutioncanbe de ned
directly. Recursionprinciplesof the desiredsort are
discussedn papersy Ambler etal. [1], Norrish[16]
andPitts [18]. Then,with substitutionde ned at the
level of o g, ~ -reductioncanalsobede ned directly.

With ~-reductionde ned on o g it is possibleto compare
thetwo typesandtheirassociatetbehaiouralrelations.Be-
low, we will write A - for therelationona and! - for the
relationon o g.

Clearly, the desiredhomomorphismbetweenthe two
typesmustbe the function taking a raw valuein @ to its
equivalenceclassin ag. We will write btc to denotethe
equivalenceclassof t 2 a. By Theoreml5, thereis dia-
gramequivalencebetween -reductionon@ g and=g; A -
;= ona if it is possibleto shav (Collf* ~ ).

Becausen g is the quotient of @ with respectto ®-
equialencewe have atotal, ontofunctionwith (kSounde
and (kComp)g by de nition. The remainingproof obli-
gationsarethatthe mapfrom =& to &g mustpresere and
some-re ectreductions.

Lemma 25 (Presewation of ~-reduction) If t A- u,
thenbtc! - buc.

Proof If ~-reductionon =g hasbeende ned by lifting
theoperatiorfrom =, thisresultisimmediate by de nition.
Otherwisetheproofis by ruleinductiononthede nition of
A -. Theonly interestingcases shaving thatsubstitutions
in & canbe matchedby thosein @ g. This proofis in turn
straightforvard becausehe preconditionsfrom & require
anappropriatechoiceof boundnamein theabstraction. &

Lemma 26 (Some-k ection of -reduction) If M | -
N, thenthere existt; u 2 =, withbtc = M andbuc = N,
sud thatt A - u.

Proof Again,if -reductionon @ g hasbeende ned by
lifting the operationfrom @, thenthe resultis immediate.
Otherwise the proof is by rule inductionon the de nition
of I —. The congruenceasedor applicationsrequireuse
of the factthat b_c is onto. The basecasealso usesthis
result,aswell asthe factthatit is alwayspossibleto nd
®-equialentversionsof termsthathave theirboundnames
chosenso asto avoid clasheswhen a substitutionis per
formed. o

To shav that con uence (a property of pre-orderclo-
sures)at theraw level is presentf andonly if it is present
atthe quotientedevel, we appeatto Theorem22. This re-
quiresonly thatwe now shov (oFre§g. As ®-equivalence
is indeedan equialencethisis immediate.More, we have
notjustestablisheéquialencefor con uence,butthat! =
andA o Shareall possiblediagrams.

We have formally veri ed theexistenceof structuralcol-
lapsesfor threedifferentformalist presentationsf the | -
calculusover ®-collapsedermsrelativeto , V&',

, 5. terms-as®-equivalence-classes with  “lifted -
reduction”[27, in Isabelle/HOL].

., & GordonandMelhamsdirectly de neda g [9], usinga
similarly directly de ned " -relation[17, in HOL4].

. 3. aquotientwith substitutiorand ™ -reductionde neddi-
rectly[17, in HOLA4].

Thesesystemsare the various, &, in Figure 1 and, by
this paperandits HOL4-veri ed developmentwe therefore
have diagram-equialenceof all thesesystemsand, V&',

In future work, thereare at leasttwo other, -calculus
systemsthat we would like to relateto , Y& in the same
way: termsusingdeBruijn indices,andaweakHOAS style
presentationvith abstractionsepresentedsingfunctions.
6.2 Structural Pro of Theory

It is known that -reductionin the , -calculusis basi-
cally the sameas Prawitz-style normalisationin a natural-
deduction,or N-system presentatiorof intuitionistic logic
[12, 20]. Otherpresentationsf intuitionistic logic arealso
possible,notablylogical-deductionpor L-system,style us-
ing a cut rule (akasequentcalculus)[7]. Therearecom-
pellingreasonsvhy also™ -reduction/Pravitz-stylenormal-
isationandGentzen-styleut-eliminationshouldbe related
[15]. Indeedtheconnectionwas rst exploredin [30] and
thenpresentedn analgebraidform consistentvith our no-
tion of structuralcollapsein [19, “Normalizationasa ho-
momorphidmageof cut-elimination”]. Therelevantnotion



of structureis axiomatisedy whatis referredto aspermu-
tative corversions[14] (covering also explicit-substitution
[28] and pattern-matchingssueg[5] in their mostgeneral
form). Although algebraicallyadequate the early treat-
mentsof the resultwerenot sufciently ne-grainedto al-
low for a non-structural,or computationalunderstanding
of (all) permutatve corversions.A mainreasoris thatap-
plication in L-systemsis bestthoughtof as taking place
“outside-in”, as opposedo the “inside-out” of N-systems
[10, 21] andof beingof a generalisechature[29]. Follow-
ing this realisation,permutatve conversionshave beenre-
worked [6, 25] and a tight but stagedcorrespondenchas
nally beenarrivedat[23, 22, 24]. We will now apply our
framework to the considereagystemsandestablisttheir di-
agramequialence;we considerterm languagesonly, and
referto [23, 22, 24] for the proof/typingrulesthey capture.

6.2.1 Preliminaries

We rst note that Gentzen[7] proved that his L-systems
werenot moreexpressve thanhis N-systemdoy exhibiting

a (conclusion-respectingpappingfrom thelatterin to the

former In the caseof intuitionistic implication, theimage
of themappingis asfollows.

De nition 27 (, G Terms[21])

G Vj.V:iG| GGL®(2)2)
LS ==

The third clausein G, e.g., 91(9;[]; (2)z), captures
Gentzers target term for implication elimination, namely
a cut on a left-introductionover an axiom. A term-model
annotationfor a generalleft-introductionof implicationis
letx := f e, in e [28]. Thereadingis thatf is theintro-
ducedassumptiorof an implication; it takes the premise
thattypically sitson theleft, e;, andcorvertsit into a wit-
nessthatcanbe usedto dischagetheassumptiony, in the
premisethat typically sits on theright, e.. Theterme; is
thecontet, or continuationwhichin theabove rule simply
is theidentity (z)z. Anotherway of writing g1 (a; [1; (2)2)
is thereforeas (let z:=f @, in 2)[[f :=g1], with “[f :=_]"
standingfor a cutagainsttheassumptiordenotedy f . Re-
turningto the notationabove, we notethatthe L G-category;
which for now consistsof the empty list, [], only, is due
to Herbelin[10] and, in the generalcase,can be usedto
stackleft-implication rules on top of eachother This is
whatamountgo “outside-in” applicationin L-systemsbe-
causethe function-position,i.e., the term that sits outside

the parenthesegjetsappliedto g, inside the parentheses

andthento ary gsin L ¢, in thegenerakase.
As it turnsout, G is closedundercut-eliminationand,
following [23], we write g1[g2] for g1(gz; []; (2)2).

De nition 28(, G-Reduction[21]) Let s be meta-level
substitution(of g, for x in g;) andlet , G-reduction! -,
bethe contetual closure of the following contractionrule.

(X g1)lg] ! - s(%iX; o)

, Gis, thus,a“notationalvariation” onthe, -calculus[21].

Lemma29 (StrColl )i,

Proof [21, Theorem6, Chapter5] shaws that Gentzers
mappingis anisomorphism. o
Theorem30 ¢ -Eq(! —;! -¢) » ¢-Eq! ;! -¢)

Proof Theoremsl5and22with Lemma29. a

6.2.2 “A calculusof multiary sequentterms” [23, 24]

As suggestedbore, a fuller computationabccountof cut
eliminationis possiblevhenremoving thetwo arti cial re-
strictionson , G-terms.

De nition 31(,J ™-Terms[23])

Jm o= Vi VI™jImE@™LY T (v)d™)
[ N L N |

The exact differencesbetweend™ and G arei) in the
third clause,e.g.,j1(j2;1;(2)j3), the contet (in the left
rule), j 3, neednot be vacuousandii) left implicationscan
bestacled,j,; I, to form a“multiary” applicationof j ;.

De nition 32(,J ™-Reduction[23]) Let s and @ be
meta-level substitutionand appendfunctionsandlet ,J ™ -
reduction! - -, , bethecontetualclosue of thefollow-
ing contractionrules.

(YR (PHIRIE)

D=y os(s(i2i%01):Yi03)
(X )Uzsio 2 15(Y)is)

P = s(aixio)(o s (Wis)
i1G2 Wi 51% 99

Uy Ja(2 L (is(91%(%i3)
j1G2MYG21%69i9)

Ly j1(2@Gi 519 (v9i9)

In the! -rule,y mustbefreshwith respectoj?, 1%} [25].

De nition 33(,J ™-Permutative Conversions[23]) Let
@ be a meta-level append-and-appljunctionand let the



permutatve corversionrelation, ! 4, be the contextual
closuee of thefollowing contractionrules.

jaiz 1 ()y)

'p Y
J1( 231 (x),y iJ3)

Pp Ly da(zih(X)is)
132,105 26 2515 (9)i )

Ly J1( 2 (0iD)

(1021 (0I%); @1 2: 1% 19: ()i §)

ja(iz2ijo 15 (X)ia)

Pg JalialGoi i (X)is)
Themainresultsin [23, 22], barone,areasfollows.

Theorem34([23]) ! oy is strongly normalisingand con-
uent.

Theorem35([22,24]) ! -,u, is strongly normalising
and! x isconuentfor X p f ;% ¥g,with o= "1 ».
6.2.3 Permutative Convertibility

Thefollowing functionfromJ™ to G providesacrucialstep
in theabove, aswell asafurtherinterestingoroperty

De nition 36 (Permutative-Conversion Collapse[23])

Ax) = x
A(X] ) XA())
AG1(2:15(y)is)) AAAG 1) AG2); 15 Y5 A 3))

S(%[9];Y; %)
Al gl AG )i 15y gs)
Becauseof Theorem34, we have a total function, #yq,

sendingl ™ -termsto their (unique)! q-normalforms. As
it turnsout, #yq is implementedy A.

A; 02; 10 y; 0)
AAgr;g2;) 1y; 0s)

Lemma37([23]) 8j 2 IM:A() =#yq ()
Fromhere,we getthe nal corepropertyof J ™.
Theorem 38 (Permutative Convertibility [23])
8j1:j22 3™ ja=pgiz » A1) = A2)

6.2.4 Diagram Equivalencesand Consequences

Fromour perspectie, Theorem38 meanghatwe collapse
JM (-terms)to G(-terms)underpermutatie corvertibility.

Lemma39 (Colly" )pq * (StrCollk" )pg, Witnessedy A.

RememberinghatG p J™, we notethatwe have the
following.

Proposition40([23]) 8g2 GA(g) = g.

This (fairly straightforvardly) implies that we have
some-re ection.

Lemma4l (s;ReileX ), foranyX p f ;%1 g, withessed
by A.

In orderto get preseration, we note that permutatve
conversionscanconvertary J™ (-term)into a G(-term)and
thatthis eitherpreseresor eliminatesreductionsteps.

Proposition 42 ([24])
2 81;j223M 1!~ 02 ) A ! e Aj2)
2. 811;)223M:j1 ! i) A1) = Aj2)

Lemma43 (Presis.), forany X p f1; ;% g, wit-
nessedyA.

In otherwords, ,J ™ and mostof its sub-systemsre
diagram-equialentwith the , -calculus.

Theorem44 ¢ -Eq(! —,xpg;! -),forX pf 5;%tg.
Proof Theorem30 andLemma8 appliedto Lemma39,
Lemma41l (via 21),andLemmad43 (via 17). o

Amongmary otherpropertieswe thushave thefollowing.

Theorem45 | - x pgqisconuentfor X pu f ,;%tg.

Proof The, -calculusis con uent andcon uenceis ex-
pressibleasadiagramcf. Lemma3. o

We notethatis not clearwhetheror not we areableto
stateary con uence property for the ,J ™-calculusthat
doesnot involve pg. More ,J M-speci ¢ lemmaswould
probablybe neededalthougha moregeneralersionof our
resultsmightalsosufce.

As a nal remark,we notethat[23, 22, 24] factortheir
work throughtwo orthogonaljntermediarycalculi. Ourap-
proachnaturallyappliesthere,too.

7 Extending the Languageof Diagrams

Theformalisednotionof diagrampresentedn Section2
is a simple,albeitexpressve, one. In this section,we dis-
cussa numberof extensionsto the formalisation,adding
furtherto diagrams'expressvity, while retainingthe ability
to shav diagramequivalencefor relationsthatarenot sim-
ply isomorphic.In otherwords,we seekdiagramextensions
thatnotonly allow for a sensiblede nition of satis ability
with respectto a given relation, but which alsoretainthe
ability to shav diagramequivalenceby checkingre ection
andpresenration propertief candidatthomomorphisms.



7.1 Negated Links

It is possibleto add negated links to our diagrams.
Graphically we proposethat theselinks be dravn with an
£ symbolsupefimposed:

Theabove graph(“no terminalobject”) canberead
8y: Ix: : R(X;y)

Anotherexampleis

2 s P S >2

statingthatno divergencehasanimmediateresolution.

Where beforewe representedinks in the “forall” and
“existential” relationsas triples of the form (i; from; to),
we extendtheseto 4-tuples:(i; from; to; pos?), wherethe
fourth components a booleanvalueindicatingwhetheror
notthelink is negated(trueindicatingthatit is not negated,
say). For example,the triangulardiagramabove would be
formally representedly hf1; 2; 3g; ; ; F; Ei with

=
E

f(0;1,2,>);(0;1;3,>)g
f(0:inl(2);inl(3); ?)g

Theevaluationof suchdiagramswith respecto aparticular
relationis of thesamebasicshapeasDe nition 2, butwhere
thehomomaorphism¢$ andg of thatde nition now respect
theextraboolean.n the caseof f , for example:

(ibbisbp;>)2F )
(bbb ?)2F )

Ri(f (b); f (b))
: Ri(f (by); T (lp))

Lemma 46 (after Lemma 8)

(Preg) ~ (aRej) ) C¢-Eq! «;! y)

whele diagram-equivalencéere meansthat the two rela-
tional structules are true for diagramsincluding negated
links.

Proof If f is our homomorphismthen the conditions
(Preg) and(aRe ) togetherensurethat

ul yv, f! yfv)
while onto-nesgivesustheinversethatallows variousho-

momorphismdo compose The proofis identicalto thatof
Lemmas8. o

7.2 (Re’exiv e and) Transitiv e Closure

Thefollowing diagramarisesasa proofobligationwhen
shaving that the diamondpropertyfor R implies the dia-
mondpropertyfor R”.

|
..... » +

To capturethis within our languageof diagramswe might
treat! and! astwoindependentelationsin thediagram,
and to then evaluatethe diagramwith respectto two re-
lations, wherethe secondwas the re exive and transitive
closureof the rst.

Unfortunately if we wish to retainour preserationand
re ection result, it is not possibleto extend our diagrams
sothatthe exampleabove is evaluatedwith respecto just
onerelation,andwherethe! links mustcorrespondo the
re exive andtransitive closureof thatrelationbecause

ul wv, f! yf)

doesnotimply
ul Jv, fu! yfv)

(seealsoPropositionl8).

By way of contrastfransitive closuresare preseredand
re ected by strong homomorphismsallowing us to add
transitive links to our languageof diagrams. Finally, the
counterexampledn Propositionl8 promptonelastattempt
to derive atreatmenbf equalitythatis notjustpreseredbut
alsore ected by stronghomomorphisms.

7.3 Axiomatising Equalit y

If we extendour languagesothatdiagramscanbe com-
binedin apropositionalvay, we canaddextraconstraintgo
our diagrams.Suchconstraintcanthenattemptto directly
characterisequality We begin by de ning a propositional
languageof diagrammatidormulas:

DF = dj DF~DF j:DF

with d adiagramasalreadyde ned. Justaswith diagrams,
the evaluationof suchformulasis with respecto a family
of relations.

De nition 47 We write R F; A to meanthat diagram-
matic formula A is true of the family of relationsR. This
notionis simplyde ned:

RE;d = RE
R E¢ (AAA) = Rj:annde:fA
RFfZA = RQfA



Lemma 48 (Any-Re ected DF-equivalence)

(Preg) * (aReg) )

Proof By structuraiinductiononthestructureof A, using
Lemmas8 for thebasecase. o

We cannow constructdiagramsassertinghata relation
is bothanequivalenceanda congruencavith respecto the
otherrelationswe are concernedvith. Congruencen the
left is thediagram

2 2
El R

(Herethelabellingdoesnot meanthatthe diagramis being

evaluatedwith respecto a particularpair of relations.The

labellingsimply distinguisheshe two differentrelations.)
Similarly, congruencentheright is

2 ———2
ot

Diagramsassertingthat E is re exive, symmetricand
transitve are easyto construct. De ning A) A on dia-
grammatidormulasas: (A” : A), we cannow expressthe
determinisnformulaas

re’exive(E) » symmetric(E)
transitive(E) ~ congruent(R;E)

Thanksto Lemma48, we know thatthis formulawill be
preseredandre ected. Unfortunately we cannot be sure
thatwe will have normalmodelsfor thediagrams.In other
words, the constraintsdo not requireE to be the identity,
only thatit be an equivalencerelation that “respects”the
variousreductionrelationswe areinterestedn.

8 Conclusion

We have formaliseda languageof diagramsof the sort
thatis widely usedinformally to expressbehaioural prop-
ertiesof rewrite relations. The languagegivesa simplese-
manticsfor avarietyof | ;-formulas,includingnegatedre-
lationships. We have usedthis to give an algebraicproof
thattwo rewrite relationsthatarerelatedby a structuial col-

lapseenjoy all the samepropertiesexpressedsdiagrams.

The developmentincludesresultsthat lower the threshold
for applying the core lemmato the point where diagram
equivalenceéholdsby constructiorwhen, e.g.,doing an ®-
collapsen theHindley-Curry sense Thepapeliis partlyjus-
ti ed by thelarge numberof recently-proposetbrmalisms

11

for reasoningaboutlanguageswith binding, and we have
shavn that at leastfour differenttypesfor the , -calculus
arediagramequvalent. A completelydifferently- avoured
exampleshavs diagramequivalencebetween -reduction
andcut-elimination modulopermutatie corversions.
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